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Abstract 

Let G — {V,E) be a graph without isolated vertices. A matching in G is a set of inde- 
pendent edges in G. A perfect matching M in G is a matching such that every vertex of G 
is incident to an edge of M . A set S <Z V is a paired- dominating set of G if every vertex in 
1/ — S* is adjacent to some vertex in S and if the subgraph G[S] induced by S contains at 
least one perfect matching. The paired-domination problem is to find a paired-dominating 
set of G with minimum cardinality. In this paper, we introduce a generalization of the 
paired-domination problem, namely the maximum matched-paired-domination problem. A 
set MPD C _B is a matched-paired- dominating set of G if MPD is a perfect matching of 
G[S] induced by a paired-dominating set S of G. Note that the paired-domination problem 
can be regard as finding a matched-paired-dominating set of G with minimum cardinal- 
ity. Let be a subset of V , MPD be a matched-paired-dominating set of G, and let 
V{MPD) denote the set of vertices being incident to edges of MPD. A maximum matched- 
paired- dominating set MMPD of G w.r.t. 7?, is a matched-paired-dominating set such that 
\V{MMPD) n 7^| ^ \V{MPD) nn\. An edge in MPD is called free-paired-edge if neither 
of its both vertices is in TZ. Given a graph G and a subset TZ of vertices of G, the maximum 
matched-paired-domination problem is to find a maximum matched-paired-dominating set of 
G with the least free-paired-edges; note that, if TZ is empty, the stated problem coincides with 
the classical paired-domination problem. In this paper, we present a linear-time algorithm 
to solve the maximum matched-paired-domination problem in cographs. 
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paired-domination, cographs 

AMS subject classifications. 05C69, 05C85, 68Q25 



* Corresponding author's e-mail: rwhung@cyut.edu. tw 



1 



V, V, 

Fig. 1: The tree-cube graph Qs, where restricted vertices are drawn by fiUed circles. 

1 Introduction 

Ah graphs considered in this paper are finite and undirected, without loops or multiple edges. 
Let G = {V,E) be a graph without isolated vertices. The open neighborhood Ng{v) of the 
vertex u in G is defined to be Ng{v) = {n G V\uv € E} and the closed neighborhood Ng[v] of 
V is Ng{v) U {v}. For a set 5 C V, the subgraph of G induced by the vertices in S is denoted 
by G[S]. A set D C y is a dominating set of G if every vertex not in D is adjacent to at 
least a vertex in D. The domination problem is to find a dominating set of G with minimum 
cardinality. The bibliography in domination and its variations maintained by Haynes et al. [13j 
currently has over 1200 entries; Hedetniemi and Laskar J6] edited a special issue of Discrete 
Mathematics devoted entirely to domination, and two books on domination and its variations 
in graphs [13\ [Tl] have been written. 

A matching in a graph G is a set of independent edges in G. A perfect matching M in 
a graph G is a matching such that every vertex of G is incident to an edge of M. A paired- 
dominating set of a graph G is a set PD of vertices of G such that PD is a dominating set of 
G and G[PD] contains at least one perfect matching. In other words, a paired-dominating set 
with matching M is a dominating set PD = {vi,V2, ■ ■ ■ ,V2t-i,V2t} with independent edge set 
M = {ei, 62, ■ ■ ■ , et}, where each edge Cj joins two vertices of PD. The minimum cardinality of a 
paired-dominating set for a graph G is called the paired- domination number, denoted by 7p(G). 
A paired-dominating set of G with cardinality 7p(G) is called a minimum paired- dominating 
set of G. The paired domination problem is to find a minimum paired-dominating set of G. 
Note that every graph without isolated vertices contains a minimum paired-dominating set 
|15| . For example, for the three-cube graph in Fig. [H PD = {vi,V2,V3,V4} with matching 
Ml = {viV2,V3V4^} or PD with matching M2 = {viV4,V2V3} is a minimum paired-dominating 
set of Q3 and 7p(Q3) = 4. 

Paired-domination was introduced by Haynes and Slater and the decision problem to de- 
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termine 7p(G') of an arbitrary graph G has been known to be NP-complete [15]. It is still 
NP-complete on some special classes of graphs, including bipartite graphs, chordal graphs, and 
split graphs [6]. However, it admits polynomial time algorithms when the input is restricted to 
be in some special classes of graphs, including trees [23], circular-arc graphs [7], permutation 
graphs [H], block graphs, and interval graphs [Bj. 

Paired-domination has found the following application [15J. In a graph G if we think of 
each vertex s as the possible location for a guard capable of protecting each vertex in A''g[s], 
then "domination" requires every vertex to be protected. In paired-domination, each guard 
is assigned another adjacent one, and they are designed as backups for each other. However, 
some locations may play more important role (for example, important facilities are placed on 
these locations) and, hence, they are placed by guards for instant monitoring and protection 
possible. In this application, the number of guards placed on the important locations is as large 
as possible. Motivated by the above issue we introduce a generalization of the paired-domination 
problem, namely, the maximum matched-paired-domination problem. 

Let G = iy, E) be a graph without isolated vertices, 7^ be a subset of V , and let PD be a 
paired-dominating set of G. For a set M of independent edges in G, we use V{M) to denote 
the set of vertices being incident to edges of M. A set AIPD C E is called a matched-paired- 
dominating set of G if MPD is a perfect matching of G[PD] induced by a paired-dominating 
set PD of G. That is, V{MPD) is a paired-dominating set PD of G and MPD specifies a 
perfect matching of G[PD]. Note that the paired-domination problem can be regard as finding 
a matched-paired-dominating set of G with minimum cardinality. For an edge e = € MPD, 
we say that e is a paired- edge in MPD, u is paired with u , and u is the partner of w. In 
addition, we will use (n, v) to denote a paired-edge uv in MPD if it is understood without 
ambiguity. Note that in a paired-dominating set PD of G, it is necessary to specify which 
vertex is the partner of a vertex in PD. The matched number of a matched-paired-dominating 
set MPD is defined to be \V{MPD) n7^|. The maximum matched number (3{G) of G is defined 
to be the largest matched number of a matched-paired-dominating set in G. A maximum 
matched-paired- dominating set of G w.r.t. 7^ is a matched-paired-dominating set with matched 
number P{G). A paired-edge in MPD is called free-paired- edge if both of its vertices are not 
in TZ. A matched-paired-dominating set of G is called canonical if it is a maximum matched- 
paired-dominating set of G with the least free-paired-edges. Given a graph G and a subset 
TZ of vertices of G, the maximum matched-paired- domination problem is to find a canonical 
matched-paired-dominating set of G w.r.t. TZ. Note that if TZ is empty, the stated problem 
coincides with the classical paired-domination problem. We call TZ the restricted vertex set of 
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G. The vertices in TZ are called restricted vertices and the other vertices are called free vertices. 
For example, given a graph G and a restricted vertex set TZ = {t'4,f5} shown in Fig. [H let 
MPDi = {{vi,V2),{v3,Vi)}, MPD2 = {{vi,vr^),{v2,V7)}, and let MPD3 = {{vi,Vi), {v^^vq)}. 
We can see that /3(G) = 2 ^ \TZ\. Then, both MPD2 and MPD3 are maximum matched- 
paired-dominating sets of G, but MPDi is not a maximum matched-paired-dominating set of 
G. It is straightforward to see that MPD2 contains a free-paired-edge and MPD^ contains no 
free-paired-edge. Thus, MPD^ is a canonical matched-paired-dominating set of G, but MPD2 
is not canonical. 

Now, we review cographs. Cographs (also called complement-reducible graphs) are defined 
as the class of graphs formed from a single vertex under the closure of the operations of union 
and complement. Cographs were introduced by Lerchs [20], who studied their structural and 
algorithmic properties and enumerated the class. Names synonymous with cographs include 
D*-graphs, P4 restricted graphs, and Hereditary Dacey graphs. Several characterizations of 
cographs are known. For example, it is shown that G is a cograph if and only if G contains no 
P4 (a path consisting of four vertices) as an induced subgraph [9]. Cographs have arisen in many 
disparate areas of mathematics and have been independently rediscovered by various researchers. 
These graphs can be recognized in linear time [101 112j . The class of cographs forms a subclass 
of distance-hereditary graphs [9l [TO] and permutation graphs, and is a superclass of threshold 
graphs and complete-bipartite graphs. Numerous properties and optimization problems in these 
graphs have been studied [2l[3l[5l[IIl[I7lll8l[l9l|2ll[22l|2ll[25ll26]. In this paper, we will solve 
the maximum matched-paired-domination problem on cographs in linear time. 

2 Known Results and Terminology 

Let G be a graph without isolated vertices. Haynes and Slater showed that a paired-dominating 
set of G does exist and 7p(G) is even |T^. 

Lemma 1. 115^ Let G be a graph without isolated vertices. Then, there exists a paired- dominating 
set in G and 7p(G) is even. 

It follows from Lemma [1] that we have the following corollary. 

Corollary 2. Let G be a graph without isolated vertices. Then, there exists a canonical matched- 
paired- dominating set in G. 

The following lemma is easily verified from the definition. 
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Lemma 3. Assume G is a graph without isolated vertices and TZ is a restricted vertex set of G. 
Let MPD be a matched-paired- dominating set of G w.r.t. TZ. Then, 

(1) if \V{MPD) n7^| = |7^| and \MPD\ = \^^'], then f3{G) = \1Z\ and MPD is a canonical 
matched-paired- dominating set of G; 

(2) if \V\ = \n\ is odd, \V{MPD) n 7^| = |7^| - l, and \MPD\ = \}^\, then (3{G) = - 1 
and MPD is a canonical matched-paired- dominating set of G. 

Now, we define some notations to be used in the paper. In the following, we use TZ to denote 
the restricted vertex set of a graph G. 

Definition 1. A paired-edge in a matched-paired-dominating set of G w.r.t. TZ is called fuU- 
paired-edge if both of its vertices are in TZ, is called semi-paired- edge if its one vertex is in TZ but 
the other vertex is not in TZ, and is called free-paired- edge if both of its vertices are not in TZ. 

Definition 2. A matched-paired-dominating set MPD of G w.r.t. TZ is called (k, s, f)-matched- 
paired- dominating set if (1) \MPD\ = k+s+f; (2) there are exactly k full-paired-edges in MPD; 

(3) there are exactly s semi-paired-edges in MPD, and (4) all other paired-edges in MPD are 
free-paired-edges . 

By the above definition, a paired-edge in a [k, s, /)-matched-paired-dominating set MPD is 
either a full-paired-edge, a semi-paired-edge or a free-paired-edge. Then, the matched number of 
MPD is \V{MPD)nTZ\ = 2k + s. Thus, a maximum {k* , s* , /*)-matched-paired-dominating set 
of a graph G satisfies that (3{G) = 2k* + s* ^ 2k -\- s for any (k, s, /)-matched-paired-dominating 
set of G. 

Definition 3. Let MPD be a {k, s, /)-matched-paired-dominating set of a graph G w.r.t. TZ. 
Define Kg{MPD), Sg{MPD), and Fg{MPD) to be the subsets of MPD consisting of ah 
full-paired-edges, all semi-paired-edges, and all free-paired-edges in MPD, respectively. 

For example, let G be a graph with restricted vertex set TZ = {v2,v^} shown in Fig. [2l Let 
MPDi = {{V2,v^),{vi,v^)} and let MPD2 = {{vi,V2),{v-i,Vi)}. Then, MPDi is a (1,0,1)- 
matched-paired-dominating set and MPD2 is a (0, 2, 0)-matched-paired-dominating set. By 
definition, Kg{MPDi) = {(^2,^3)}, Sg{MPDi) = 0, and Fg{MPDi) = {{vi,v^)}, where 
\Kg{MPDi)\ = 1, \Sg{MPDi)\ = 0, and \Fg{MPDi)\ = 1. 

Next, we introduce cographs. A graph is a cograph if there is no induced path containing 
four vertices [9] . Such graphs are exactly the class of distance- hereditary graphs with diameters 
less than or equal to two [Ij. Every cograph can be recursively defined as follows. 
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Fig. 2: A graph G with restricted vertex set TZ = {^2,^3}, where restricted vertices are drawn 
by filled circles. 

Definition 4. [9l [TO] The class of cographs can be defined by the following recursive definition: 

(1) A graph consisting of a single vertex and no edges is a cograph. 

(2) If Gl = (VljEl) and Gr = (Vr, Er) are cographs, then the union G of Gl and Gr, denoted 
by G = Gl © Gr = {Vl U Vr, El U -E_r), is a cograph. In this case, we say that G is formed from 
Gl and Gr by a union operation. 

(3) If = (Vl, El) and Gj? = (Vr, Er) are cographs, then the joint G of Gl and Gr, denoted 
hy G = Gl<^Gr = {VlUVr, ElU ErU E), is a cograph, where E = {uv\yu G Vl and Vt; G Vr}. 
In this case, we say that G is formed from Gl and Gr by a joint operation. 

A cograph G can be represented by a rooted binary tree DT{G), called a decomposition tree 
[U [9]. The leaf nodes of DT{G) represent the vertices of G. Each internal node of DT{G) is 
labeled by either '©' or '(g)'. The cograph corresponding to a ©-labeled (resp. ^-labeled) node v 
in DT{G) is obtained from the cographs corresponding to the children of v in DT[G) by means 
of a union (resp. joint) operation. A decomposition tree of a cograph can be constructed as 
follows. 

Definition 5. [1] The decomposition tree DT{G) of a cograph G consisting of a single vertex 
t; is a tree of one node labeled by v. If G is formed from Gl and Gr by a union (resp. joint) 
operation, then the root of the decomposition DT[G) is a node labeled by © (resp. ©) with the 
roots of DT{Gl) and DT{Gr) being the children of the root of DT{G), respectively. 

The decomposition tree DT{G) of a cograph G is a rooted and unordered binary tree. 
Note that exchanging the left and right children of an internal node in DT{G) will be also a 
decomposition tree of G. For instance, given a cograph G shown in Fig. El^a), the decomposition 
tree DT{G) of G is shown in Fig. El^b). 

Theorem 4. |7| 13^ ^ decomposition tree DT{G) of a cograph G = {V, E) can be constructed in 
0{\V\ + \E\)-linear time. 
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Fig. 3: (a) A cograph G with restricted vertex set TZ = {a,/, i}, and (b) a decomposition tree 
DT{G) of G, where restricted vertices are drawn by filled circles. 



3 The Maximum Matched-Paired-Domination Problem on 
Cographs 

In this section, we will show that the maximum matched-paired-domination problem on cographs 
is linear solvable. Recall that a canonical matched-paired-dominating set of a graph is a maxi- 
mum matched-paired-dominating set with the least free-paired-edges. In fact, we will construct 
a canonical matched-paired-dominating set of a connected cograph in linear time. We first give 
the following lemma to show some properties of a maximum matched-paired-dominating set of 
a graph. 

Lemma 5. Assume G is a connected graph without isolated vertices and TZ is a restricted vertex 
set of G. Let MMPD be a maximum matched-paired- dominating set of G w.r.t. TZ and let 
V & TZ — V{MMPD). Then, the following statements hold true: 

(1) if {vf,Vf) is a free-paired- edge in MMPD, then v is adjacent to neither Vf nor Vf; 

(2) Ng{v) C V{MMPD); 

(3) if {vx,Vx) is a semi-paired-edge or full-paired- edge in MMPD and v is adjacent to Vx, then 
Ng{vx) - {v} C V{MMPD); 

(4) if {vf,Vr) is a semi- paired- edge, with restricted vertex Vr, in MMPD, then v is not adjacent 

to Vr- 

Proof. We first prove Statement (1). Assume by contradiction that v is adjacent to Vf. If 
NG{vf)-V{MMPD) = 0, then MMPD-{{vf,Vf)}U{{vf,v)} is a matched-paired-dominating 
set of G having more restricted vertices than MMPD, a contradiction. Consider Ncivf) — 
V{MMPD) / 0. Let v € Ncivf) - V{MMPD). Then, MMPD - {{vf,Vf)]yj{{vf,v), {vf,v)} 
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is a matched-paired-dominating set of G having more restricted vertices than MMPD, a contra- 
diction. Thus, V is not adjacent to f j and Statement (1) holds true. Statement (2) is clearly true. 
Otherwise, MMPD[j{{v, v)}, where v G Ng{v) — V{MMPD), is a matched-paired-dominating 
set of G which has more restricted vertices than MMPD, a contradiction. 

Next, we prove Statement (3). Assume by contradiction that Ng{vx) — {v} ^ V{MMPD). 
Let V G {Ng{vx) - {v}) - V{MMPD). By Statement (2), Ng{v) C V{MMPD). Thus, 
V Ng{v). Then, MMPD — {{vx-,Vx)} {(vx-,v), {vx-,v)} is a matched-paired-dominating set 
of G having more restricted vertices than MMPD, a contradiction. Thus, Ng{vx) — {^} ^ 
V{MMPD). 

Finally, we prove Statement (4). Assume by contradiction that v is adjacent to Vr- By 
Statement (3), NG{vf) — {v} C V{MMPD). Then, Vf is dominated by one vertex of NG{vf) fl 
V{MMPD), e.g. Vr- Thus, MMPD — {{vf, Vr)} U {{vr,v)} is a matched-paired-dominating set 
of G having more restricted vertices than MMPD, a contradiction. Thus, v is not adjacent to 

Vr- □ 

By Theorem HI a decomposition tree DT{G) of a cograph G = {V, E) can be constructed 
in 0(|y| -|- |£'[)-linear time. A cograph is not connected if the root of its corresponding de- 
composition tree is a 0-labeled node. Hence, we assume that the root of the corresponding 
decomposition tree is a (^-labeled node. For a node v in DT{G), denote by DTy{G) the subtree 
of DT[G) rooted at v, and denote by G^ the subgraph of G induced by the leaves of DTi,{G). 
Our algorithm is sketched as follows: The algorithm is given a decomposition tree DT{G) of a 
cograph G and a restricted vertex set TZ in G- It visits nodes of DT{G) in a postorder sequence 
(i.e., bottom-up manner). Thus, while visiting a node, both its children were visited. Suppose 
that it is about to process internal node v with vi and Vr being the left and right children of v in 
DT{G), respectively. Let TZl and TZr be the restricted vertex sets of G.^ and Gy^, respectively, 
such that \TZl\ ^ I^^rI- Let GMPDl be a canonical matched-paired-dominating set of G^^ 
and let Vr be the vertex set of G^^. Then, it uses GMPDl and Vr to construct a canonical 
matched-paired-dominating set GMPD of If v is the root of DT(G), then GMPD is a 
canonical matched-paired-dominating set of G and the algorithm terminates. For example, let 
G be cograph with restricted vertex set TZ = {a, f, i} shown in Fig. [3l Our algorithm traverses 
the decomposition tree DT{G) in a bottom-up manner. Suppose that it is about to process the 
root V with vi and Vr being the left and right children of v in DT{G), respectively. Then, a 
canonical (1, 0, 0)-matched-paired-dominating set GMPDl = {(a,/)} of G^^ and the vertex set 
Vr = {h, i} of Gy^ have been computed. The algorithm then constructs from GMPDl and Vr 
a canonical (1, 1, 0)-matched-paired-dominating set {{a, f) , {b,i)} of G^- In the following, we 
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will show how to construct such a canonical matched-paired-dominating set. 

In the rest of the paper, we assume that G = {V, E) is a cograph with restricted vertex set 
IZ and is formed from Gl and Gr by either a union operation or a joint operation. We use Vl 
and Vr to denote the vertex sets of Gl and Gr, respectively. In other words, V = Vl^Vr and 

n Vr = 0. Notice that every vertex in Vl is adjacent to all vertices in Vr if G = (8) Gr. 
On the other hand, we use TZl and TZr to denote the restricted vertex sets of and Gr, 
respectively, i.e., IZl = TZCiVl and TZr = 71(1 Vr. 

By the definition of cographs, Gl or Gr may contain isolated vertices. For a graph H, we 
use I{H) to denote the set of isolated vertices in H. We denote hy H — I{H) deleting I{H) from 
H. Then, I{Gl) and I{Gr) are the sets of isolated vertices in Gl and Gr, respectively. By 
Corollary [21 Gl — I{Gl) and Gr — I{Gr) have matched-paired-dominating sets if they are not 
empty, and, hence, they have canonical matched-paired-dominating sets. Then, the following 
lemma can be easily verified from the definition of union operation. 

Lemma 6. Assume G = Gl ® Gr is a cograph with restricted vertex set IZ. Let CMPDl and 
GMPDr be canonical matched-paired- dominating sets of Gl — I{Gl) and Gr — I{Gr) w.r.t. 
TZl-I{Gl) andTZR-I{GR), respectively. Then, I{G) = I{Gl)UI{Gr) and CMPDlUCMPDr 
is a canonical matched-paired- dominating set of G — I{G) w.r.t. TZ — I{G). 

From now on, we consider that G is formed from Gl and Gr by a joint operation. First, 
we consider that TZ = Let vl G Vl and let vr G Vr. Obviously, GMPD = {{vl,vr)} is a 
matched-paired-dominating set of G, and, hence, the the maximum matched-paired-domination 
problem on G is trivially solvable. In the following, we assume TZ ^ 9. For the case of \TZl\ = 
\TZr\, we give the following lemma to find a canonical matched-paired-dominating set of G. 

Lemma 7. Assume G = Gl ^ Gr is a cograph with restricted vertex set IZ, IZl = TZ D Vl, 
and TZr = TZH Vr. If \TZl\ = \TZr\ and \TZl\ > 0, then there exists a canonical matched-paired- 
dominating set GMPD ofG w.r.t. TZ such that V{GMPD) = TZ, \CMPD\ = and GMPD 
contains no free- paired- edge. 

Proof. Let TZl = {ui,U2,--- and TZr = {vi,V2,--- ,Vk}, where k = By pairing 

Ui with Vi for 1 ^ i ^ A;, we obtain a {k, 0, 0)-matched-paired-dominating set GMPD = 
{{ui,vi), {u2,V2), ■ " ,{^k,Vk)} of G with cardinality By Lemma El GMPD is a canoni- 
cal matched-paired-dominating set of G w.r.t. TZ without free-paired-edges. □ 

From now on, we assume that \TZl\ 7^ \TZr\. Without loss of generality, assume \TZl\ > \TZr\. 
Let CMPDl be a canonical (A;/,, s/,, /i^)-matched-paired-dominating set of Gl — I{Gl) w.r.t. 
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Fig. 4: The partition of Vl and Vr. 



TZl - I{Gl). We first partition Vl - V{CMPDl) into two subsets V]^ and V[ sucli that 
V]^ = TZl- V{CMPDl) and V[ HTZl = 0. Note that V]^ or may contain isolated vertices 
of Gl- By Statement (2) of Lemma E Ngi^{v) Q V{CMPDl) for v e - I{Gl). We 
next partition Vr into two subsets IZr and Vr — TZr. The partition of Vl and Vr is shown 
in Fig. m For simphcity, let il = IVl'I, VR = I'^flli and let fR= \Vr\ — rjR. By definition, 
|7^l| = 2kL + sl + iL and |7^i{| = ijr. By assumption, |7^j;,| > \TZr\. Thus, we get that 

2kL + SL + tL> riR. (1) 

Considering the relation between il and r]R + /r, we have that il ^ VR^ fR oi" < VR + Ir- 
We construct from CMPDl and Vr a matched-paired-dominating set CMPD of G having at 
most one free-paired-edge as follows: 

Case 1: il ^ f]R + Jr- Let = {iii,U2,-- - ,M|v'^[} be a subset of such that jV^I = 
+ fR= \Vr\, and let Vr, = {^i, t-a, • • • , 'V\Vr\}- By pairing with Vi iov I i ^ r]R + Jr, we 
construct a (/c^ + 7]r,sl + /r', 0)-matched-paired-dominating set CMPD = Kgj^{CMPDl) U 
Sg^CMPDl) Ui^i^^^^+/^ 

Case 2: iL < r]R + Jr. There are three subcases: 

Case 2.1: il > i]r. In this subcase, ijr < il < ijr + /r. Thus, < il - VR < Ir- 
Let = {ni,U2,--- TZr = {vi,V2,--- and let V^ = {^,,^+1, ';;^^+2, • • • ,^4^} 
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be a subset of Vr — TZr with jV^j = zl — By pairing Ui with Vi ioic 1 ^ i ^ il, we 
obtain a {ki + r]ji, sl + il — rjn, 0)-matched-paired-dominating set CMPD = Kq^ (CMPDi) U 
Sc^iCMPDi) Ui^,^,,^ {{ui,Vi)}. Then, V{CMPD) n 7^ = 7e and CMPD contains no free- 
paired-edge. Thus, CMPD is a canonical matched-paired-dominating set of G. Fig. [S^a) depicts 
the construction of CMPD in the subcase. 

Case 2.2: il < m- By Eq. ([I]), 2kL + sl + il> VR- Let r]'j^ = r]R - ii- Then, 2A;l + sl > 
r//j — iL = > ^- We partition into two subsets TZ^ and 7?.^ such that = z/, and 

I^rJ — v'r — ~ '''L- By pairing every vertex in 7?.^ with a vertex in V^^, we obtain a set /C of 
iL full-paired-edges shown in Fig. [5jb). We then consider the following two subcases: 

Case 2.2.1: r]R — il = v'r ^ ^L- We first partition Sgi^{CMPDl) into two subsets 
Si and ^2 such that \Si \ = r]'^ and \S2\ = sl — r]'^. Let ui, M2i • ■ ■ i ^^»?^ be the restricted vertices 
in V{Si) and let TZ^ = {vi,V2, ■ ■ ■ ,v^'^}. By pairing Ui with for 1 ^ i ^ rj'p^, we obtain a 
set /Ci of r/^j full-paired-edges. Let CMPD = Kg^{CMPDl) U /C U /Ci U 52- Then, CMPD 
is a (/ci + rjR,SL — t?^, 0)-matched-paired-dominating set of C. Since V{CMPD) (ITZ = TZ, 
CMPD is a maximum matched-paired-dominating set of C. Thus, CMPD is a canonical 
matched-paired-dominating set of G. The construction of CMPD is shown in Fig. [5jc). 

Case 2.2.2: r]R — = rj'j^ > sl- We first partition TZ^ into two subsets 7Z^ and 
7?-^ such that \TZ^\ = sl and |7^^| = r]'^ — sl. Let ni,M25 • " " i^^si, be the restricted vertices in 
V{Sgl{CMPDl)) and let 7Z\ = {vi,V2-,--- i^^si,}- By pairing Ui with for 1 ^ i ^ sl, we 
obtain a set /Ci of full-paired-edges. Suppose that \R}r\ = rj'^ — sl '^s even. We first partition 
Kgl{CMPDl) into two subsets JCl^ and JCl2 such that /Cli contains full-paired-edges, i.e., 
V{1Cli ) contains |7^^ | restricted vertices. By pairing every vertex of V{1Cl^ ) with a vertex in 7^^, 
we obtain a set IC2 of |7e^| full-paired-edges. Let CMPD = /C U /Ci U /C2 U /Cl^. Then, CMPD 
is a (/ci, + ^ 0^ 0)-matched-paired-dominating set of C. We can see that CMPD is a 

(^, 0, 0)-matched-paired-dominating set of C, V{CMPD) DTZ = TZ, and that CMPD contains 
no free-paired-edge. On the other hand, suppose that \TZ^\ = v'r ~ is odd. Then, \TZ\ is 
odd. We pick from C a restricted vertex v and a free vertex vj to form a semi-paired-edge as 
follows: Case i, Vl — TZl 7^ 0. Let v G TZ^ and let Vf £ Vl — TZl- Case ii, Vl — TZl = and 
Jr > \I{Cr) — 1Zr\. Let V be a restricted vertex in 7^^ such that v is adjacent to one free vertex 
Vf in Vr - {TZr U I{Gr)). Case iii, Vl - 7^L = and Jr = \I{Gr) - TZr] + 0. Let (^J,?;^) be 
a full-paired-edge in Kg^{CMPDl) and let be a free vertex in I{Cr) — TZr. For case of 
Vl — TZl = and Jr = \I{Gr) — TZr\ = 0, we have that \V\ = \TZ\ is odd and a ([^J,0, 0)- 
matched-paired-dominating set CMPD of G can be easily constructed from Kgj^ {CMPDl) and 
TZr. By Statement (2) of LemmaO CMPD is a canonical matched-paired-dominating set of G. 
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Now, suppose V and vj exist. Let S = {{v,Vf)}. If u ^ TZl: then let /C = and 7^^ = 7^^ — {u}; 
otherwise, let {v,vl) G Kg^{CMPDl), Kg^{CMPDl) = Kg^{CMPDl)-{{v,vl)}, vr e n% 
TZ\ = TZ\ — {vr}, and let /C = {{vl,vr)}. Then, |7^^| becomes even. We then partition 
Kgi^{CMPDl) into two subsets /C^^ and /C^j such that /C^^ contains full-paired-edges. 
By pairing every vertex of V{1Cl^) with a vertex in 7^^, we obtain a set /C2 of \'R!r\ full-paired- 
edges. Let CMPD = /C U /Ci U /C2 U /Cl2 U U 5. Then, CMPD is a (/cl + [^^±£1^] , 1, 0)- 
matched-paired-dominating set of G. We can see that CMPD is a ([^J, 1, 0)-matched-paired- 
dominating set of G. By Statement (1) of Lemma [31 GMPD is a canonical matched-paired- 
dominating set of G. The construction of GMPD is shown in Fig. [5jd). 

Case 2.3; = rjR. In this subcase, il = < VR + Ir- Consider the following two 
subcases: 

Case 2.3.1: 7^ 0. Let V]^ = {ni,«2,--- ,Uij^} be the restricted vertex set of 
Vl — V{GMPDl) and let IZr = {^1,^2, ■ • • By paring Ui with for 1 ^ -i ^ ii, we get 

a set K of il full-paired-edges. Let GMPD = Kg^{CMPDl) U Sgl{GMPDl) U /C. Then, 
GMPD is a (A;/, -|- z^, s^, 0)-matched-paired-dominating set of G. We can see that GMPD is 
a maximum matched-paired-dominating set of G without free-paired-edges. Thus, GMPD is a 
canonical matched-paired-dominating set of G. Fig. ^h) shows the construction of GMPD in 
this subcase. 

Case 2.3.2: il = 0. First, we consider that sl 7^ 0. Let {vL,Vf) be a semi-paired- 
edge, with restricted vertex vl, in Sgj^{GMPDl), and let be a free vertex in Vr. Let 5 = 
{{vl,vr)}. Then, CMPD = Kg^GMPDl) U Sg^CMPDl) - {{vl^vj)} U S is a (A:l,sl,0)- 
matched-paired-dominating set of G such that V{GMPD) f] TZ = TZ. It is easy to see that 
GMPD is a canonical matched-paired-dominating set of G. Fig. [6^c) shows the construction 
of GMPD in case oi il = ??_r = and 7^ 0. On the other hand, we consider that sl = 0. 
If V{Kg^{GMPDl)) is a dominating set of Gl, i.e., /l = and /(Gl) = 0, then GMPD = 
Kg^{GMPDl) is clearly a canonical matched-paired-dominating set of G. Suppose that Jlt^O 
or I{Gl) 7^ 0. Consider that Jr ^ 2. Let Vf^ and be two free vertices in Vr, and let (w^^ , tij-j ) 
be a full-paired-edge in Kg^{GMPDl). Then, CMPD = Kg^{GMPDl) - {{vr,,Vr^)] U 
{ (vj^ , ) , (f/2i^^r2)} is a canonical {ki — 1, 2, 0)-matched-paired-dominating set of G with that 
V{GMPD) nTZ = TZ. Next, consider that /r = 1. Let vrj: be the only vertex in Vr. Consider 
the following cases: Case i, there exists one restricted vertex vl in TZl such that NG^ivL) 2 TZl- 
Let VLf G iVci {vl)-TZl and let {vl,vl) be a full-paired-edge in i^G^ (GMPDl). Let GMPD = 
KGr^{GMPDL)-{{vL,VL)}U{{vL,VR^),{vL,VLf)}. Then, CMPD is a canonical (/cl -1,2,0)- 
matched-paired-dominating set of G with that V{GMPD) (ITZ = TZ. Case ii, Ngi^{vl) C 7^^ 
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Fig. 5: The construction of a matched-paired-dominating set CMPD of G for (a) Case 2.1, and 
(b)-(d) Case 2.2, where restricted vertices are drawn by filled circles, symbol 'x' denotes the 
destruction to one paired-edge in CMPDl, and arrow lines represent the new paired-edges for 
the construction. 
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for each vl^TZl- Let vlj. e Vl - TZl and let CMPD = Kg^{CMPDl) U {{vl;,vr^)]. Then, 
CMPD is a (fcj;,, 0, l)-matched-paired-dominating set of G. We can see that if Ngj;^{vl) ^ TIl 
for each vl G 'R-l, then a free-paired-edge is necessary for constructing a maximum matched- 
paired-dominating set of G. Thus, GMPD is a canonical matched-paired-dominating set of G. 
Fig. Eld) depicts the construction of GMPD in case of il = i]r = and = 0. □ 
It follows from the above constructions and arguments that our constructed matched-paired- 
dominating set CMPD for case of < + (Case 2) is a canonical matched-paired- 
dominating set of G. The remnant is to prove that the constructed matched-paired-dominating 
set CMPD for case oi ii rjn + fn (Case 1) is a canonical matched-paired-dominating set of 
G. The following lemma shows the result. 

Lemma 8. Assume G = Gl ^ Cji is a cograph with restricted vertex set TZ, TZl = TZ D Vl, 
TZr = 7^ n Vr, and \'R.l\ > \TZr\. Let CMPDi he a canonical {k^, sl, fL)-niatched-paired- 
dominating set of Gl- I{Gl), il = - V{CMPDl)\, ijn = \TZr\, and let /r = |Vr| -tj^. If 
*L ^ VR^ Irj then the constructed (kL + r]F{, sl + fR,0)-matched-paired-dominating set CMPD 
is a canonical matched-paired- dominating set of G. 

Proof. In case of il ^ VR ^ /fli the construction of CMPD is shown in Fig. [7|^a). A paired- 
edge in a matched-paired-dominating set of G is called mixed if one of its vertices is in Vl and 
the other is in Vr. Suppose that MMPD is a maximum matched-paired-dominating set of G 
with the least free-paired-edges. That is, MMPD is a canonical matched-paired-dominating set 
of G. We may assume that MMPD is chosen such that the number of mixed paired-edges is 
maximal. Denote by MMPD|g^ (resp. MAfPD|G^) a restriction of MMPD to Gl (resp. Gr). 
The set of mixed paired-edges of MMPD is partitioned into four subsets K, Si, S2, F such that 
K contains all mixed full-paired-edges, Si contains all mixed semi-paired-edges with restricted 
vertices being in Vl, S2 contains all mixed semi-paired-edges with restricted vertices being in 
Vr, and F contains all mixed free-paired-edges. The set of paired-edges of MMPD^q^ (resp. 
MMPD^Q^) is partitioned into three subsets Kl, Sl, Fl (resp. Kr, Sr, and Fr) containing full- 
paired-edges, semi-paired-edges, and free-paired-edges, respectively. Let II = TZl — V {M M P D) 
and Ir = TZr-V{MMPD). For simplicity, let \K\ = k, \Si\ = si, \S2\ = S2, = /, \Kl\ = k'^, 
\Sl\ = s'^, \Fl\ = fl \Kr\ = k'^, \Sr\ = 4, \Fr\ = /jj, \Il\ = i'L, and let \Ir\ = i'^. The 
possible paired-edges in MMPD are shown in Fig. E^b). Since \TZl\ > \TZr\ and MMPD is a 
canonical matched-paired-dominating set of G, / ^ 1 and at least one of and i'j^ equals to 0. 

We first prove Claim (1) that 2kL + sl ^ 2k'j^ + s^. We prove it by constructing from 
MMPD\Gl a matched-paired-dominating set MMPDl oiGL-I{GL) such that \V{MMPDL)r\ 
{nL-I{GL))\ ^ 2k'^ + s'j^. The construction is as follows: Initially, let MMPDl = KlUSl- Let 
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Fig. 6: The construction of a matched-paired-dominating set CMPD of G for Case 2.3, where 
(a) the partition of Vl and Vr for the case, (b) the construction of a matched-paired-dominating 
set for case of il 0, and (c)-(d) the construction of a matched-paired-dominating set for 
case of iL = 0. Note that restricted vertices are drawn by fihed circles, symbol 'x' denotes the 
destruction to one paired-edge in CMPDi, and arrow lines represent the new paired-edges for 
the construction. 
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Fig. 7: (a) The construction of a matched-paired-dominating set CMPD of G for case of 
^ VB + fR, and (b) the possible paired-edges in a canonical matched-paired-dominating set 
MMPD of G with the largest number of mixed paired-edges, where restricted vertices are drawn 
by filled circles and arrow lines represent the new paired-edges for the construction. 



V^ = Vl- I{Gl) - V{MMPDl). For v'^eV^, if v'^ is not dominated by V{MMPDl), then let 
v'L e Ng^Wl) - V{MMPDl), MMPDl = MMPDlU{{v'l,v'1)}, and let Vl = Vl- K,t;^}; 
otherwise, let = — {u^}. Since is not an isolated vertex in Gl, v'[ does exist if v'j^ is 
not dominated by V{MMPDl). Repeat the above process until = 0. Then, MMPDl is a 
matched-paired-dominating set of Gl - I{Gl) satisfying that \V{MMPDl) n {TIl - I{Gl))\ ^ 
2k'i^ + s^. Since CMPDl is a maximum (A;^, s^, /i)-matched-paired-dominating set of Gl — 
I{Gl), \V{CMPDl) n {TZl - I{Gl))\ = 2kL + SL^ \V{MMPDl) n {TZl - I{Gl))\ > 2k'^ + 4. 

Next, we prove Claim (2) that i'fi = S2 = k'j^ = s'j^ = 0. We first show that = 0. 
Assume by contradiction that 7^ 0. Then, i'^ = 0. By Statements (1) and (4) of Lemma O 
si = / = s'^ = = 0. By assumption, \TZl\ = k + 2k'^ > {TZrI = k + S2 + 2k'j^ + s'^ + i^. Thus, 
2k'^ > S2 + 2k'j^ + -^ij + ^ 1 and, hence, A;^ ^ 1. Let vr be a restricted vertex in Ir and 
let {vl,v'^) be a full-paired-edge in Kl- By pairing vl with vr and all the other paired-edges 
stay the same, we obtain a maximum matched-paired-dominating set MMPD' of G having 
more mixed paired-edges than MMPD, a contradiction. Thus, = 0. We then prove that 
S2 = A;^ = s'^ = 0. Assume by contradiction that S2 + k'^ + s'^ 7^ 0. By assumption, \TZl\> \TI-r\- 
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Then, k + si + 2k'^ + s'^ + i'^> k + S2 + 2k'^ + s^. Thus, 2k'^ + si + s'^ + i'^ > 2k'^ + S2 + s'^. 
Let R be the set of restricted vertices in S2 U Kr U Sr. Then, \R\ = 2k'j^ + S2 + s'^. Suppose 
that 2k'j^ < 2k'j^ + S2 + s'j^- Let L be a subset of restricted vertices in Si U S'l U II such that 
\L\ = {2k'^ + S2 + s'j^) - 2k'^. Then, \L\ + \V{Kl)\ = 2k'j^ + S2 + = \R\. By pairing every 
vertex in R with one restricted vertex of V{Kl) U L and ah the other paired-edges stay the 
same, we obtain a maximum matched-paired-dominating set MMPD' of G having more mixed 
paired-edges than MMPD, a contradiction. In the following, suppose that 2k'^ ^ 2k'^ + S2 + s'^. 
Consider the following cases: 

Case 1: 2k'j^ + S2 + s'j^ is even. Let Kl = KlUK^ such that i^£ni^^ = and |K£| = H^iklfTlfk. 
By pairing every vertex in R with one restricted vertex of V{K1) and all the other paired-edges 
stay the same, we obtain a maximum matched-paired-dominating set MMPD' of G having 
more mixed paired-edges than MMPD, a contradiction. 

Case 2: 2A;^+S2 + Sk is odd. Let Kl = KlUK^ such that Kl^Kl = and \Kl\ = LH^k±|H±£kj. 
Consider the following subcases: 

Case 2.1: S\ + s'j^ + i'j^ ^ 0. Let vl be a restricted vertex in 5i U 5^ U II. Let vr be a 
vertex in R and let R' = R — {vr}. Then, ^ = [H^flliH+iaj gy pairing vr with vl^ pairing 
every vertex in R' with one restricted vertex of F(K£), and all the other paired-edges stay the 
same, we obtain a maximum matched-paired-dominating set MMPD' of G having more mixed 
paired-edges than MMPD, a contradiction. 

Case 2.2: s\ + s'j^ + i'j^ = 0. Suppose that 7^ 0. Let {vR,Vf) be a semi-paired-edge, with 
restricted vertex vr, in Sr. Let R' = R — {vr} and let {vl, v'l) be a full-paired-edge in K\. By 
pairing vr with vl, pairing Vf with v'^, pairing every vertex in R' with one restricted vertex of 
V{Kf), and all the other paired-edges stay the same, we obtain a maximum matched-paired- 
dominating set MMPD' of G having more mixed paired-edges than MMPD, a contradiction. 
On the other hand, suppose that s'^ = 0. Then, S2 is odd. We prove fR 7^ 0. Assume by 
contradiction that /r = 0. By assumption of the lemma, il ^ VR = = k + S2 + 2k'^. Since 
S2 > 0, zl ^ 1 and, hence, iL — k>0. Then, \TZl \ = 2kL + + = k + 2k'j^. Consequently, 
{2kL + sl) - 2k'^ = k - iL < 0. It contradicts that {2kL + sl) - 2fc^ ^ by Claim (1). Thus, 
/r 7^ 0. Let Vf be a free vertex in Vr, {vr, v'^) be a semi-paired-edge in 5*2 such that vr G TZr, 
R' = R — {vr}, and let {vl,v'^) be a full-paired-edge in K'^. By pairing vr with v^, pairing 
Vf with v'j^, pairing every vertex in R' with one restricted vertex of V{Kf^), and all the other 
paired-edges stay the same, we obtain a maximum matched-paired-dominating set MMPD' of 
G having more mixed paired-edges than MMPD, a contradiction. 

It follows from the above arguments that Claim (2) holds true; i.e., i'R = S2 = k'^ = s'j^ = 0. 
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Thus, k = rjji. Suppose that i'^ ^ 0. Then, / = = by Statement (1) of Lemma [5l Assume 
by contradiction that fR = fR — si^ 0. Then, \1Zl \ = k + si + 2k'^ + + i'j^ = 2kL + sl + il ^ 
2kL + SL + VR + si + Tr = 2kL + SL + k + si + Jr. By Claim (1), 2kL + sl ^ 2k'^ + s'^. 
Thus, i'^ ^ /r. By pairing every free vertex in Vr_ — V{MMPD) with one restricted vertex 
in II and all the other paired-edges stay the same, we obtain a matched-paired-dominating set 
of G having more restricted vertices than MMPD, a contradiction. Thus, /r = si. On the 
other hand, suppose that i'^ = 0. By Claim (1), 2kL + sl ^ 2k'^ + s'^. By assumption of the 
lemma, il ^ \Vr\ = k + si + /r - si. Then, \TZl\ = k + si + 2k'^ + = 2kL + sl + il ^ 
2kL + SL + k + si + Jr - si. Thus, 2A;^ + s'^^ ^ 2kL + sl + /r- si- Since 2kL + sl ^ 2k'^ + s'^ 
by Claim (1), /r — si = 0. Thus, Jr = si. Consequently, k = rjR and si = /r. We can see 
that \V{CMPD) nn\ = 2kL + sl + 2r]R + Jr = 2kL + SL + 2k + si and \V{MMPD) nn\ = 
2k'^ + s'L + 2k + si. Thus, \V{CMPD)r\n\-\V{MMPD)r\TZ\ = {2kL + sl) - {2k'^ + s'^) ^0 
by Claim (1). That is, the constructed matched-paired-dominating set CMPD is a maximum 
matched-paired-dominating set of G. In addition, GMPD contains no free-paired-edge. Thus, 
the constructed {ki + riR,SL + 0)-matched-paired-dominating set GMPD is a canonical 
matched-paired-dominating set of G. □ 

It follows from Lemma [8] that our constructed matched-paired-dominating set CMPD is 
a canonical matched-paired-dominating set of G w.r.t. TZ. Now, we will analyze the time 
complexity for constructing CMPD. For case of il ^ VR~^ Ir shown in Fig. [7^a), CMPD is 
constructed in 0(|Vr|) time, where \Vr\ ^ {T^lI- Consider that ii < r]R + Jr. For case oirjR < il 
shown in Fig. EJa), CMPD is constructed in 0{il) time, where il ^ For case of rjR > 

shown in Fig. [S^b)-(d), CMPD can be easily constructed in 0{\TZrD time, where \TZr\ ^ 
On the other hand, for case of il = VR shown in Fig. El GMPD can be constructed in 0{\TZr\) 
time, where \TZr\ ^ It follows from the above arguments that constructing a canonical 

matched-paired-dominating set GMPD of G runs in 0{\TIl\) time. Let E^r = {uv\\/u € Vl 
and Vf G Vr}. Then, \TZl\ ^ l-E'LijI- Hence, a canonical matched-paired-dominating set CMPD 
of G can be computed in 0{\Eir\) time. 

It follows from the above analysis that given a decomposition tree of a cograph G = (T^, E) 
and a restricted vertex set 7^ C y, a canonical matched-paired-dominating set of G w.r.t. TZ 
can be constructed in 0(|y| + lE'D-linear time. Thus, we conclude the following theorem. 

Theorem 9. Given a cograph G = {V, E) with restricted vertex set TZ, the maximum matched- 
paired- domination problem can he solved in 0{\V\ + \E\)-linear time. 
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4 Concluding Remarks 



The paired-domination problem can be applied to allocate guards on vertices such that these 
guards protect every vertex, each guard is assigned another adjacent one, and they are designed 
as backup for each other. However, some vertices may play more important role (for example, 
important facilities are placed on these vertices) and, hence, they are placed by guards for 
instant protection possible. Motivated by the issue we propose a generalization of the paired- 
domination problem, namely, the maximum matched-paired-domination problem. We then solve 
the maximum matched-paired-domination problem on cographs in linear time. A future work 
will be to extend our technique to solve the maximum matched-paired-domination problem on 
some special classes of graphs, such as trees, block graphs, Ptolemaic graphs and distance- 
hereditary graphs. 
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List of Symbols 



1. Ng{v), Ng[v]: Ng{v) is the open neighborhood of a vertex u in a graph G = {V,E) and is 
defined to be {u G V\uv G E}. Ng[i^] is the closed neighborhood of v and is defined to be 
Naiv) U {v}. 

2. G[S]: the subgraph of G induced by the vertices in S, where 5 is a subset of vertices of G. 

3. matching, perfect matching: A matching in a graph G is a set of independent edges in G. 
A perfect matching M in a graph G is a matching such that every vertex of G is incident 
to an edge of M. 

4. paired- dominating set: A set PD of vertices of G is a paired-dominating set of G if PD is 
a dominating set of G and if G[PD] contains at least one perfect matching. 

5. paired- domination number 7p(G): is the minimum cardinahty of a paired-dominating set 
for a graph G. 

6. minimum paired- dominating set: is a paired-dominating set of G with cardinahty 7p(G). 

7. V{M): For a set M of independent edges in a graph, V{M) denotes the set of vertices 
being incident to edges of M. 

8. matched-paired- dominating set: A set MPD of independent edges in a graph G is a 
matched-paired-dominating set of G if MPD is a perfect matching of G[PD] induced 
by a paired-dominating set PD of G. Note that V{MPD) is a paired-dominating set PD 
of G and MPD specifies a perfect matching of G[PD]. 

9. restricted vertex set TZ: The restricted vertex set 7^ is a subset of vertices in a graph and 
is a part of the input for the proposed problem in the paper. Any vertex in TZ is called 
restricted vertex and the other is called free vertex. 

10. maximum matched number /3{G): For a matched-paired-dominating set MPD of G, the 

matched number of MPD is defined to be \V{MPD)nTZ\. The maximum matched number 
/3(G) of G is the largest matched number of a matched-paired-dominating set of G. 

11. maximum matched-paired- dominating set: is a matched-paired-dominating set of a graph 
G with matched number f3{G). 

12. paired-edge {u,v): is an element in a matched-paired-dominating set MPD of a graph. 
We call u the partner of v in MPD. A paired-edge in MPD is called full-paired- edge if 
both of its vertices are in TZ, is called semi-paired-edge if its one vertex is in TZ but the 
other vertex is not in TZ, and is called free-paired-edge if both of its vertices are not in TZ. 

13. canonical matched-paired- dominating set: is a maximum matched-paired-dominating set 
of a graph G with the least free-paired-edges. 

14. maximum matched-paired- domination problem,: Given a graph G and a subset TZ of vertices 
in G, the problem is to find a canonical matchcd-paircd-dominating set of G. Note that the 
proposed problem is a generalization of the paired-domination problem and it coincides 
with the classical paired-domination problem if 7^ = 0. 
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15. (fc, s, /)-matched-paired-dominating set: is a matched-paired-dominating set MPD of G 
w.r.t. TZ satisfying that (1) \MPD\ = k + s + f; [2) there are exactly k full-paired-edges in 
MPD; (3) there are exactly s semi-paired-edges in MPD, and (4) all other paired-edges 
in MPD are free-paired-edges. 

16. Kg{MPD), Sg{MPD), Fg{MPD): For a (fe, s, /)-matched-paired-dominating set MPD 
of a graph G, Kg{MPD), Sg{MPD), and Fg{MPD) are defined to be the subsets of 
MPD consisting of all full-paired-edges, all semi-paired-edges, and all free-paired-edges in 
MPD, respectively. That is, \Kg{MPD)\ = k, \Sg{MPD)\ = s, and \Fg{MPD)\ = f. 

17. G = Gl®Gr: G= {Vl U Vr, El U Er) is formed from Gl = {Vl, El) and Gr = {Vr, Er) 
by a union operation. 

18. G = Gl®Gr: G = (y, E) is formed from Gl = (Vl, El) and Gr = (Vr, Er) by a joint 
operation, where V = Vl^Vr and E = ElD Er U {toIVu G Vl and G Vr}. 

19. I{G): is the set of isolated vertices in graph G. 

20. mixed paired-edges: Let G = Gl Gij. A paircd-cdgc in a matched-paired-dominating set 
of G is called mixed if one of its vertices is in Gl and the other is in Gr. 

21. iL, T]R, Jr: Let G = Gl <8) Gr with restricted vertex set IZ, TZl = TZCi Vl, TZr = TZH Vr, 
and let CMPDl be a canonical {kL, sl, /L)-matchcd-paircd-dominating set of Gl—I{Gl). 
Define il = {TZl - V{CMPDl)\, tjr = {TZrI, and Jr = \Vr\ - tjr- 
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